ABSTRACT Millimeter-wave (mm-wave) communication has been widely applied in the small cellular networks, and it is not difficult to find that mm-wave plays an important role in improving the capacity and data transmission rate of the 5G network systems. Nevertheless, mm-waves also have some disadvantages, such as large propagation loss and weak penetration blockage. Although the extremely high direction of the mm-wave can compensate for the propagation loss, highly directional transmissions of the mm-wave result in conventional omnidirectional transmission cell discovery schemes may fail in mm-waves; thus, we need to redesign the cell discovery scheme of mm-wave. In addition, the overhead of mm-wave cell discovery is also large. In order to reduce the overhead and provide a reasonable solution for the mm-wave base station (BS) discovery, we propose an analysis framework that utilizes out-of-band (OOB) information assistance. First, we consider the BS discovery problem as a hypothesis test problem. We analyze the statistical properties of the generalized logarithm likelihood ratio detector and study the detection performance of the detector. Through analysis and calculation, we are able to find that the OOB scheme can not only improve the detection performance but also reduce the system overhead. Then, we also analyze the performance of the OOB scheme in the case of multiple UEs. Finally, we use the angle information provided by the OOB information to predesign the mm-wave codebooks to achieve the optimal expected mode. Analysis of the simulation results demonstrates the effectiveness of the OOB information-assisted scheme.
since the beamwidth of the mm-wave is narrow, the original omnidirectional transmission scheme cannot be used for mm-wave communication systems. In other words, although the mm-wave provides high beamforming gain and a relatively high data rate, the UEs are not able to discover and synchronize with the BS. In this case, the first step of the communication link fails and the initial access will greatly limit the application of the mm-wave cellular system. Based on the above narrative, many schemes have been proposed to solve the mm-wave BS discovery. These schemes can be divided into the following several types. In [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , proposed several cell discovery schemes based on location information from the GPS. In [11] [12] [13] [14] , a cell discovery scheme based on location information is proposed, which by exploiting deep learning (DL) algorithm to acquire location information and assists mm-wave communication. In [15] , the cell discovery efficiency and coverage rate of the mm-wave system are tested under the assumption that the position information is known. In [16] and [17] , in the realtime mm-wave cell discovery scheme, the variation of position information is established into a Markov chain model. Another scheme is based on the auxiliary beam mm-wave cell discovery scheme [17] [18] [19] [20] , [21] suggested a scheme for estimating the angle of arrive (AoA) and angle of departure (AoD) of mm-wave channel by designing the auxiliary beam pair, the codebook which is designed based on angle information is used to finish the cell discovery and reduce system overhead. In [22] , a scheme based on cell cooperation is proposed to design the beam of the BS in the small cell and show how to use the location information provided by the macro cells. On this basis, [23] gave the compression beam selection scheme based on the auxiliary beam pair. In addition, [24] [25] [26] proposed a few mm-wave beam design schemes and studies the application of beamforming and precoding in cell discovery. According to [27] , the multi-band auxiliary communication and multi-point coordinated propagation are proposed to apply in heterogeneous networks. In [28] , based on auxiliary beam pair heterogeneous network cell discovery scheme is proposed, which uses a matched filter (MF) to detect the UEs. The system overhead of these schemes is not able to be reduced. In [29] , it is acceptable to obtain that the missed detection (MD) probability of the BS detection by evaluating the SNR of the received RSs, and then a precoding scheme based on the beamwidth is proposed to realize the BS detection of the mm-wave communication.
After that, by increasing the transmit power to improve the SNR of the received RSs, a multi-layer codebook scheme that can reduce the MD probability of the mm-wave system cell discovery is proposed in [30] . In [30] , the fix property of the propagation time of the RS signal is utilized, and the presence of the BS is detected based on the SNR of the received signal per time period.
Based on the above discussion, we summary some shortcomings of existing solutions. First of all, due to the beamwidth of the mm-wave is too narrow, the overhead is too large, which makes it difficult for the UEs to quickly discover the BS. Second, the above papers do not consider how to use the out-of-band (OOB) information to assist mm-wave cell discovery. Although [24] [25] [26] [27] [28] [29] consider how to use beam assisted mm-wave cell discovery, it does not give an analysis on the performance of the OOB auxiliary mm-wave BS discovery. Finally, in the case of multiple UEs, using the above scheme will result in addition of overhead of cell discovery. These have greatly limited the application of these schemes. In this paper, we present a new OOB auxiliary approach for the mm-wave BSs discovery.
B. OUR CONTRIBUTION
The recent work [31] - [33] has discussed based on the generalized likelihood ratio test (GLRT) detector mm-wave BS detection, and the author considers the detection performance when the channel is a wideband channel or a narrowband channel. Reference [34] compares the performance of cell discovery based on GLRTs with the random beamforming scheme. Based on the GLRT detector is proposed in [35] and [36] , we present a mm-wave GLRT detector that exploits the statistical characteristics of mm-wave wideband sparse channel. Moreover, we analysis the statistical properties of the GLRT detector and gave the relationship between the performance of the mm-wave cell discovery and the RSs parameters.
Second, in the paper, the spatial scan time is fixed when the beamwidth is fixed. In other words, how to compromise the time overhead of the system with the performance of the BS detection. In order to reduce the scope of the search and reduce the system time overhead, we use the Q-learning to determine the time range of the UE in the Sub-6GHz system. We then design the parameters of the RS to aid mm-wave BS discovery based on the time range obtained from the OOB information. We also compared the training overhead between random beamforming and OOB information-assisted schemes.
Finally, we studied the MD probability of mm-wave cell discovery. We demonstrate the relationship between the range of angles provided by OOB information and MD probability, moreover, according to the angle range, we also give a design scheme of coodbook of mm-wave system.
C. PAPER ORGANIZATION AND NOTATION
The rest of this paper is organized as follows. In Section II, we describe the mm-wave channel model, problem formulation. In Section III, we introduce GLRT detector of cell discovery, statistic information of GLRT detector and MD probability. In Section IV we give the performance analysis of GLRT detector with OOB information in detail. In Section V, based on OOB information codebook scheme is designed. Numerical simulations are provided in Section VI. In Section VII, we conclude the paper.
Notation: The matrix is denoted as bold uppercase letters A, the column vector is bold lowercase letters a. Lowercase letter a and uppercase letter A indicate scalars. A T , A * and A H represent transpose operation, conjugate 
II. SYSTEM MODEL AND PROBLEM DESCRIPTION OF MM-WAVE BS DISCOVERY
Each BS in the Sub-6GHz system broadcasts the RS of the microwave spectrum and each UE within the coverage of the cell can detect the presence of the RS. In addition, we design the transmit frame structure of the microwave system. The frame structure of the Sub-6GHz system is given in Fig. 2(a) , where T slot1 is the slot, the period of the RS signal is T RS1 and T RS1 < T slot1 . Similarly, the frame structure of the mm-wave system is given in Fig. 2(b) , where T slot2 represents the frame structure of the mm-wave system and T RS1 represents the time period of mm-wave RS, T RS2 < T slot2 . First, we consider the RS design of the Sub-6GHz system and the mm-wave system. In Fig.2 , we give the relationship between the Sub-6GHz RS period T slot1 and the mm-wave RS period T slot2 . In this paper, we do not consider the overlap of mm-wave beams and microwave beams, considering each beam to be uncorrelated, so we can see the coverage of Sub-6GHz beam and the coverage of multiple beamformers of mm-wave are congruence and shown in Fig.1 . Namely the range is roughly equal. Based on the relationship of beamwidth and the coverage rate, we can give the relationship between the two frame structures T slot1 = 1 5 T slot2 . To simplify this analysis process, we can give a more general expression T slot1 = 1 n T slot2 , m, n = 1, 2, . . . . Next, we continue to considering that the mm-wave and Sub-6 GHz RSs can be directionally transmitted and repeated According to the beam diagram given in Fig. 1 , we define the spatial angular coverage of mm-wave as S m and the spatial angle coverage of Sub-6GHz is S sub−6 . From the Fig.1 we can see that the wide beam S sub−6 is composed of several narrow beams S m . In this paper, we consider omnidirectional transmission and directional transmission. As shown in Fig. 1 , directional transmission is a special case.
We denote RS as x(t), where x(t) = 0 and t ∈ [0, T RS2 ]. The received signal can be expressed as
where i%q is modulo operation and the i%q = q, q ∈ Z and
Where H q is a sparse mm-wave channel and in [14] and [24] , the channel model is established by exploiting beam tracking method. To simplify the analysis, we consider the channel is a quasi-static channel, that is, the channel is unchanged in a time slot. The wideband mm-wave channel H q in q-th slot can be expressed as
where κ is the number of multipaths and α q,κ is the path gain of the κ-th path of the q-th time slot. a R (θ q,k ) and a T (ϑ q,k ) represent the array response vectors of the receiver and the transmitter, respectively. Where θ q,k represents AoA and AOD is expressed as ϑ q,k . To simplify our analysis, we only consider a uniform linear array (ULA) in this paper. If we consider a uniform phase array (UPA), we only need to increase the horizontal direction angle. The array response vector a R (θ q,k ) and a T (ϑ q,k ) can be expressed as
and
To simplify the expression (1), some parameters are implicit in the (5). This formula (1) can be rewritten as
where h = zHw ∈ C N R ×N s is the effective channel, which is processed by the transmitter beamformer and the receiver combiner and N s is the length of data stream. s is represented as the q-th slot and τ delay RSs. n is the complex Additive Gaussian White Noise (AWGN) with the mean 0 and the variance σ 2 . In addition, with the application of Massive MIMO and mm-wave, the number of RF chains has greatly been reduced due to its high cost, we consider the number of RF chains to be low in this paper. In our subsequent analysis, the performance of the GLRT detector is related to the parameter N R . In the initial BS search phase, the UEs detect the BS by detecting the presence of the s signal and finds the time τ 0 in the time RS sequence. We assume that the UE has collected a total of Q slots data. The BS is detected based on these sampling slots. In this article, we only need to detect which time period has RSs. Based on the above assumptions, the time range is limited in [τ, τ + qT slot ].
We further assume that UEs sample the received signal at rate 
According to [24] , the problem model of BS detection can be expressed as the following hypothesis test problem (HTP).
where Y (q,:) is the q-th column vector. the N is AWGN matrix. Since H ∈ C QN R ×1 is an effective channel matrix, it contains the transmitted signal and precoding matrix. This channel matrix H is represented as 0 when no signal is transmitted. The formula (6) is obtained by the following formula
III. GENERALIZED LIKELIHOOD RATIO TEST
As described in equation (7), we now consider to using the GLRT detector to solve the BS discovery problem.
There are many unknown parameters that are correlated with the parameters of the received signal and these parameters will affect the detection performance of the GLRT detector. Next, we began to studying the GLRT detector and give the GLRT expression
where η is a threshold value. The math expression of GLRT detector is given in the Proposition 1 Proposition 1: The GLRT detector is equivalent to
where η = 1 − e −η is the decision threshold Proof: See Appendix A. Next we consider the probability distribution of the GLTR statistical variable. We can simplify the formula (9) and obtain an 2-norm expression, that is, power expression. When the received signal reaches the certain energy boundary, the GLRT detector can check the presence of RS. Since the probability distribution of the GLRT variable plays an important role in the subsequent analysis. We can see that the parameters that determine the performance of the detector are mainly the parameters of the received signal. Next, we give Lemma 2
Lemma 2: The GLRT detector is equivalent to
where QN R is the first and second DoF, N −1 is the non-center parameter of F-distribution.
Proof: See Appendix B. According to (6) , the synchronization detector at the UE is operated as follows. The observed signal Y τ under timing offset τ is used to evaluate the G LRT (τ ), which is then compared with the threshold value η. If G LRT (τ ) is greater than η, successful synchronization can be achieved. Otherwise, the UE adjusts its timing offset τ , e.g., let τ = τ + 1 and reexecute the above procedure until a successful synchronization appears.
In the GLRT detector, there are two kinds of probability, namely MD probability and (false alarm)FA probability. Specifically, the synchronization between the UE and the BS is often determined according to the MD probability. In the process of GLRT detection, our goal is to minimize the MD probability. The MD probability is given in the proposition 3. In the following sections, we will analysis the expression of MD probability.
Proposition 3: The MD probability is equivalent to
We assume the τ 0 obey the uniform distribution, so
IV. MULTI-USER BS DETECTION BASED ON OUT OF BAND INFORMATION
In a real-world cellular network, the location of the UE is random, so the BS can never know the direction of the UE in advance. In order to accelerate the process, we consider that the P is the transition probability of the state and the P = 1 denote the UE and the current beam are matched. Since the direction of the UE is unknown, [36] and [37] suggests the traditional random beamforming scheme not only wastes a lot of system overhead, but also can seriously increase the delay and even reach the delay that the system cannot tolerate. Based on the above descriptions, in this paper we use Q-Learning to achieve microwave BS detection and according to the detection results, the signal slot index an be got.
Leveraging the OOB information is provided by Sub-6GHz, we give a based on the auxiliary beam pair MD probability analysis. In Fig.3(b) , we present one conceptual example of applying the auxiliary beam pair to detect mm-wave beam direction and instruct the transmission of mm-wave beam. The transmit auxiliary beam pair can be probed by [11] gave the metric standard. Next, we introduce the detection process. The receive signal of Sub-6GHz system is written as where the ε i include the path gain and ρ is the pathloss. a r (ψ i ) and a t (η i ) denote as the receive and transmit array response vector. Due to the beamwidth is wide, we assume that the receive signal can be obtained in the angle range, we have to set two azimuth array response vectors a t (ω + δ) and a t (ω − δ), the azimuth array matrix is A i . In addition, we consider the transmission signal s i is the Zadoff-Chu (ZC) sequence.
In this paper, we assumes that there are K microwave beams in the Sub-6GHz system and the set K = {1, 2, . . . , K } of microwave beams serve a UE set U = {1, 2, . . . , U }. Our main goal is how to detect the time slot t in beam alignment of the user and the BS. We can calculate the power of the received signal, and based on the calculated power, we can infer how many mm-wave beam coverage is required for each Sub-6 GHz beam time period. Due to we consider the interference signal in the Sub-6GHz system, we can then rewrite (12) as
we consider the time-frequency synchronization of UE and BS is perfect in the paper. By utilizing the characteristics of the ZC sequence, we can further determine the power of the original signal and eliminate the interference signal. We can rewrite the expression as
Similarly, using the ZC sequence with the root index s i 1 to correlate the received signal samples, we obtain
We can calculate the corresponding received signal power as
where the c is the constant. According to [11] , the downlink transmission power of microwave beam k for user u at the t-th slot is able to be expressed as
The network state is denoted as s t and the set of time slot is t = {1, 2, . . .}. According to [31] , we consider the transition probability of state s t obey the Markovian property. The state s t can be defined as
In fact, pathloss ρ depends on a number of parameters, including people or other surrounding obstacles and the distance between the UE and the BS. Although there is no paper to give a specific expression for ρ, the UE can detect the BS according to the formula (18) proposed in [38] [39] [40] . We can regard the K beams as uncorrelated beam spaces. Based on these conditions, we propose a framework for Q-learning. Q-learning is an reinforcement learning algorithm. Q-learning does not need to consider too many environment parameters and can determine the optimal strategy. In Fig.5 , we present a simplified microwave BS detection scheme.
Agents: UEs u ∈ U States: There are three possible states for the UE:1) the i-th beam and UE are matched, 2) The i-th beam transits to the right and arrives the j-th beam, and 3)The i-th beam transits to the left and arrives the j-th beam. These states are shown in Fig.3 .
Action: In our problem, the network agent will decide how many UEs should be allocated to each BS. A decision c j is chosen by UE and the c j is the element of set C = {c 1 , c 2 }, c 1 and c 2 denote as the UE at the current beam and switch to the other beam. When the decision c i ∈ C is chosen by UE and the state s t to the state s t+1 , the state transition probability P(s t+1 |s t , c i ) can be defined as
where f denote the probability density function of state transition.
Reward:
The receives rewards is denoted as R = [R 1 , R 2 , . . . , R M ], where R 1 , R 2 , R M denote the raward when each UE at states s 1 , s 2 , and s M . The rewards in all UEs u ∈ U are considered to be consistent. Due to the property of Q-learning, the convergence and the policy will be affected by reward values.
In this paper, we consider the beam state space K to be continuous, the action π (c|s) = P(c t = c j |s t = s i ) is considered to be extracted from the stochastic strategy C and it is considered a probability function of action and state. We can evaluate and improve the corresponding strategy c i according to the value function, and the expected value of the reward in the whole process is defined as a value function. Calculate the state-value function by making the current state follow a given strategy and computing the expected value of the accumulated reward. It can be represented as
where the expectation operation represents E{·}. 
We can update the state value function by using iterative operation. Since the beam state space is continuous, how to choose the strategy π and the action to maximize the state value function, the goal of Q learning is to find the strategy π that can maximize the following objective function. We can summarize the algorithm table of Q learning as follows. According to the time index that is obtained by Q-learning, we can get the angle range. According to equation (11), we can give the MD probability of multiple UEs and we can get the expression (23) .
Proposition 4: The GLRT detector is equivalent to
Proof: The closed expression is shown in Appendix D.
V. CODEBOOK DESIGN AND BEAMFORMING
Based on index t the time interval that is detected by using Q-Learning algorithm, we can detect the angles range of UE. According to the angular range, the precoder is able to be generated and all precoders are selected as candidate precoder, that is, preset codebook can be selected in mmwave system. Next, we discuss the design of the precoding codebook. Similarly, the method is also suitable to design the VOLUME 7, 2019 combined codebook, we only consider the transmitter codebook design in the paper. It is feasible to generate a precoded codebook by performing quantization operation on the array response vector of transmitter. In general, the beamwidth is produced by ULA are not equal, but according to the method proposed in [33] and [34] , this method can ensure almost equal gain loss between adjacent beams. Accurate precoders require high resolution phase shifters. In this paper, we consider a β-bit phase shifter to quantize the angular extent into a set {0, . . . , }, ∀t ∈ N * . The mm-wave beam scan pattern is shown in Fig.6 .
In this paper, the transmitter has a ϒ p precoder and the receiver has a ϒ c combiner. We use w i for the i-th precoder and z j for the j-th combiner. w = [w 1 , w 2 , . . . , w N T ] denotes all precoders. Similarly, z = [z 1 , z 2 , . . . , z N R ] represents all combiners. Then we put the combiner and precoder on the phase factor. Finally, we get a time-dependent precoding e
} w and combiner codebook e
} z on the time t.
VI. NUMERICAL RESULTS
According to the formula (11), we show the variation of the MD probability with respect to SNR in Fig. 7 and Fig. 8 . From the figure we can see that our proposed OOB information assist method has the best performance. This is because the OOB information provides an accurate angular range in which the mm-wave beams are concentrated in a specific area, so that there is no fluctuation in transmission power and accurate coverage of mm-waves is ensured. According to [24] and [25] , omnidirectional precoding, omnidirectional combiner and random beamforming have power fluctuations in the angular direction of their transmission. In addition, this also results in performance loss due to the inability to ensure accurate beam alignment. In addition, in Fig.7 and Fig.8 , we give the relationship between time overhead and MD probability of Omnidirectional combiner, omnidirectional precoding and random beamforming. Comparsion of MD probability among proposed the OOB scheme and Omnidirectional Beamforming scheme, Random Beamforming scheme, which include the relationship of MD probability and SNR, overhead. Where the number of path κ = 1, U = 1.
FIGURE 8.
Comparsion of MD probability among proposed the OOB scheme and omnidirectional Beamforming scheme, Random Beamforming scheme, which include the relationship of MD probability and SNR, overhead. Where the number of path κ = 4, U = 4.
According to the formula (11), we obtain the MD probability of SNR for the above three total methods, as shown in Fig. 7 and Fig. 8 . In Fig.7 , we consider the number of users U = 1 and the number of channel paths κ = 1. It can be observed that the omnidirectional precoding scheme has very poor performance. This is mainly because it transmits narrow beams in different spatial angular directions in the t-th time slot, but since the number of channels is κ = 1, there are many time slot wastes and the beams are not aligned. This means that omnidirectional scanning wastes a lot of time overhead and the energy in the other directions is almost zero. In Method 2, the random beamforming scheme, although this method does not waste a large number of time slots like omnidirectional transmission, its performance is unstable due to the randomness of its beamforming. Moreover, although FIGURE 9. Comparsion of MD probability among proposed the OOB scheme and omnidirectional beamforming scheme, random beamforming scheme, which include the relationship of MD probability and SNR, overhead. Where the number of path κ = 8, U = 32.
the method can guarantee omnidirectional coverage on each time slot, when the number of channels is small, there is also a large amount of time overhead wasted. The proposed OOB assisted method, as can be seen from Fig.7 , since the number of channels has been detected by the microwave spectrum, and the number of related users has also been detected. In this way we can guarantee that the beams emitted by all time slots are in a specific direction. Although there may be 2 or even more channels in the detected range of angles, the precoding scheme we have given is sufficient to ensure that each of the narrow beams and the multiple paths are aligned. In Fig.8 , we find that when U = 4 and κ = 4, although the performance of the three methods will decrease, our performance of proposed OOB scheme is better than other schemes.
In Fig.9 , we show the case which there are many users in all directions. From the results shown in the Fig.9 , we can see that when the number of channels is κ = 8 and the number of users is U = 32, we can find the MD probabilities of the three methods are consistent at high SNR. We find that when the number of channels and the number of users increased, the performance of the three methods tends to be consistent.
In Fig.10 , we consider the relationship between spectral efficiency and time overhead, SNR in a single path. For each channel, we assume that AoA and AoD are uniform distribution. In method 3, we can obtain the angular range of AoA and AoD from the OOB information, and reconstruct the transmit beamforming and receiving combination matrix by quantizing the angular range. In this paper, we use a 2-bit quantization phase shifter. As can be seen from Fig.10 , the proposed OOB-assisted scheme has the highest spectral efficiency compared to several other methods. In Fig.10 , we can find that as the amount of overhead increases, the spectral efficiency of the three methods tends to be stable. 
VII. CONCLUSION
In this paper, we propose a MD probability analysis strategy based on OOB information. In addition, we give the expression of the GLRT detector. The relationship between BS detection performance and mm-wave system parameters was established by us. Q-learning is used to obtain the OOB information. Then we analyze the OOB information-assisted detection performance under single-user and multi-user by using probability theory, and show the expected average beam pattern and the minimum average undiscovered probability in the detectable region. Finally, we designed the precoder and combiner codebook based on the range of angles provided by the OOB information. This method can flexibly adjust the mm-wave beam direction. Numerical results demonstrate the efficiency and performance of the proposed method.
APPENDIX A A. PROOF OF THE PROPOSITION 1
Under the assumption H 1 , the probability density function (PDF) of the received signal with respect to the signal parameters can be expressed as
Based on the sample signal, we can calculate the likelihood function as
The logarithm likelihood function of the formula (24) can be expressed as
It is easy to find that the matrix S † N (q,:) , q = 1, . . . , Q are Gaussian distribution and ∀i, j, S † N (i,:) and S † N (j,:) are not mutually correlated. We prove that each of the variables and is the square of the Gaussian distribution and independent of each other. So the variables and are independent.
According to (31) , (32) , under the assumption H 1 , is a chi-square distribution with QN R degrees of freedom (DoF) and the obeys the chi-square distribution. Finally, the GLRT statistic variable obey the F-distribution
C. PROOF OF THE PROPOSITION 3
The MD probability can be denoted as
. Since the GLRT variable is F-distributed F(x|n 1 , n 2 , λ) and the sum is the probability distribution for the parameters Q, N R , N . It is not difficult to find that
We can further compute the probability as
The (34) is substituted into (35)
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In order to further simplify the expression (36), we give the (37)
(35) can be rewritten as Finally the P(H 0 ) and P(H 1 ) are determined by the number of samples. The P MD is able to be expressed as (40) , as shown at the top of this page.
APPENDIX B PROOF OF THE PROPOSITION 4
The MD probability can be denoted as P MD = j i P{G LRT (τ ) < η|H 1 , t j < τ < t i }P(t j < τ < t i |H 1 )P(H 1 ) + j i P{G LRT (τ ) > η|H 0 , t j < τ < t i }P(t j < τ < t i |H 0 )P(H 0 ). Since the GLRT variable is F-distributed F(x|n 1 , n 2 , λ) and the sum is the probability distribution for the parameters Q, N R , N . Now letąŕs start to discuss the system probability in a concentrated case, if τ 0 ∈ (t j , t i ),the P(t j < τ < t i |H 1 ) = 1 and P(t j < τ < t i |H 0 ) = τ −t j τ 0 −t j , P(t j < τ < t i |H 0 ) = τ −τ 0 t j −τ 0 . When the τ 0 ∈ (t j , t i ), the P(t j < τ < t i |H 1 ) = 0 and P(t j < τ < t i |H 0 ) = τ −t j t i −t j . It is not difficult to find that P{G LRT (τ ) < η|H 1 } ∼ F(x|QN R , QN R , N − 1) and P{G LRT (τ ) > η|H 0 } ∼ F(x|QN R , QN R , N − 1). Finally the P(H 0 ) and P(H 1 ) are determined by the number of samples. If the τ < τ 0 , the P MD is able to be expressed as 
If the τ > τ 0 , the P MD is able to be written as 
If the τ 0 ∈ (t j , t i ), the P MD is expressed as 
